Hadronic scattering amplitudes: medium-energy constraints on asymptotic
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Abstrat
We onsider several lasses of analyti parametrisations of hadroni sattering
amplitudes, and ompare their preditions to all available forward data (pp, pp, pip,
Kp, γp, γγ, Σp). Although these parametrisations are very lose for
√
s ≥ 9 GeV, it
turns out that they dier markedly at low energy, where a universal pomeron term
∼ ln2 s enables one to extend the t down to √s=4 GeV.
1 Introdution
The singularity struture of forward hadroni amplitudes is of great importane, as it
ontrols the extrapolation of ross setions to high energies and to small x. Its study lies
mostly outside the realm of perturbative QCD, exept perhaps at small x and high Q2,
where there is some overlap, hene the hope to obtain some QCD-based understanding of
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these amplitudes in the near future. However, there are several tools available to treat this
non perturbative domain. These are based on the theory of the analyti S matrix.
The rst is to demand that hadroni amplitudes are analyti funtions in the omplex
angular momentum J . The singularities in the omplex J plane then determine the form
of the asymptoti amplitudes in s at nite t. This means that one an then relate, through
analytiity and rossing symmetry, the real part of the amplitude to its imaginary part.
In other words, the exat knowledge of the ross setion for all s is equivalent to that of
the ρ parameter. In pratie, there are several analyti forms whih are very lose for the
total ross setions in a nite interval in s, but whih dier markedly for the real part.
Hene in this paper, we shall onsider the experimental onstraints on both the real and
the imaginary parts. Furthermore, t-hannel unitarity leads to the onlusion that these
singularities should be universal, in the sense that they do not depend on the sattering
hadrons
3
. This leads to fatorizing amplitudes
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, for whih the residue depends on the
olliding hadrons, but the singularity is independent of them.
The seond onstraint is due to the unitarity of partial waves and polynomial bound-
edness of the absorptive part within the Lehmann ellipse. This leads to the elebrated
Froissart-Martin bound [1℄, whih indiates that at asymptoti energies, total ross se-
tions annot inrease faster than ln2 s (note that this behaviour was rst proposed by
W. Heisenberg in 1952 [2℄). Although this is a priori a strong onstraint, it turns out
that the oeient of the ln2 s an be large: all we know is that it is bounded by
pi
m2pi
≃ 60 mb (Lukaszuk-Martin [3℄), hene parametrisations whih asymptotially violate
the Froissart bound, suh as rising simple poles, may survive to present energies without
violating unitarity.
Finally, the last ingredient is Regge theory. The meson trajetories an indeed be seen
in a Chew-Frautshi plot, and hene their interepts an in priniple be measured diretly.
This leads to the onlusion that the interepts of these trajetories are of order 0.5, that
the C = +1 and C = −1 trajetories are approximately degenerate, and that they seem
to be linear. We shall assume in the following that their ontribution to the total ross
setion an be parametrized by Y +sα+−1 and Y −sα−−1.
These onstraints, unfortunately, are far from providing a unique answer. As an exam-
ple, the derivative relations [4℄ an be oneived as a soure of an innite lass of analyti
parametrisations satisfying the above theoretial riteria. However, it is possible to re-
due this lass of models to a few exemplar ases, for whih the ross setion, in the limit
3
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Note however that fatorization an be proven only for simple poles.
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s → ∞, behaves as a onstant, as ln s or as ln2 s. Hene in pratie, only a handful of
parametrisations have been onsidered and onstrained. These represent variations on the
parametrisation proposed in [5, 6℄, whih will be symbolially referred to as (Regge +
Regge + Pomeranhuk + Heisenberg) type parametrisations  RRPH. Here both R stand
for the leading reggeon terms, P stands for a onstant ontribution to the total ross se-
tion at asymptoti energies (the lassial Pomeranhuk asymptoti limit [7℄) and H stands
for the asymptotially innitely rising with energy ontribution, whih we take as ln s or
ln2 s. Beause of its popularity and simpliity, we shall also onsider ase E, i.e. the ase
of a simple pole sα℘−1with α℘ > 1.
Some of us (COMPAS) are maintaining a omplete set of data for all hadroni proesses,
so that we are in a position to fully evaluate the various possibilities. We are using a
slightly improved dataset from the one of [8℄: some preliminary data on the ρ parameter
have been removed, and new published data from SELEX (pi−N and Σ−N at 600 GeV/)
[9℄ and OPAL (γγ) [10℄ were added. We did not use the new reent data from L3 [11℄ on
γγ → hadrons total hadroni ross setions beause unfortunately these very interesting
data are still not published yet. Denitely these data, when published, will be used in the
next iteration of the ross assessments.
In the past few years, and mainly beause of the existene of this dataset, several
advanes have been made:
1. The systemati and simultaneous study, via analyti representations, of the forward
data, both σtot and ρ, for pp, pp, pi
±p, K±p, γp and γγ sattering. Suh a program
was initiated by the COMPAS group[12℄, and pursued in refs. [8, 13℄;
2. The general reognition that a Regge pole model [13℄ has a muh wider range of
appliability than previously expeted while it was also reognized that the exhange-
degenerate reggeons were not preferred by the forward sattering data [14℄;
3. The redisovery [15℄ of former ideas [16, 17℄ suh as a 2-omponent soft pomeron,
with one omponent taking quark ounting into aount and the other being universal
and rising with energy, or of full lifting of degeneray for lower meson trajetories
[18℄.
4. The impossibility to distinguish between wide ranges of analyti parametrisations
when using data at
√
s ≥ 9 GeV [8℄.
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We want to examine in detail those onlusions, and see to whih extents the mod-
els onsidered in [8℄ an be extended to lower energy, i.e. above the resonane region
∼ 3 GeV. A new quantitative proedure of ranking models by the quality of the t to
the urrent experimental data is suggested and used. In setion 2, we shall onentrate on
total ross setions, and propose this new ranking sheme. In setion 3, we shall extend our
analysis to all forward data, and see that this hanges the piture onsiderably. In setion
4, we shall omment on some models proposed reently, and whih were not onsidered
diretly in the previous analysis. In setion 5, we shall omment on osmi ray data. To
onlude, we shall present the possible alternatives, and analyse their respetive drawbaks
and advantages.
2 Fits to lower-energy total ross setions
As it will turn out, the onsideration of ρ(s) data results in a very onstrained t, but
some of the sub-samples of data are poorly tted to. This might be blamed on the quality
and systemati errors on the forward-sattering data for ρ(s). Hene the rst and safest
onstraint must be the reprodution of σtot(s) data only. In this ase, the number of
possible models that ahieve a good χ2 per degree of freedom (χ2/dof) is quite large. To
desribe the dierent possibilities we will need some notations to lassify variants, and we










• R+ab(s) = Y ab1 · (s/s1)α1 , with s1 = 1 GeV2,
• R−ab(s) = Y ab2 · (s/s1)α2 ,
• Pab = sCab is the Pomeron simple pole at J = 1
• Hab(s) stands for one of the three following possibilities :





. a double pole at J = 1:
Lab = s(Bab ln(s/s1) + Aab);
. a triple pole at J = 1:
L2ab = s(Bab(ln
2(s/s0) + Aab).
In the general ase, the onstants Cab and Aab are independent and they are assoiated
with a dierent behaviour in t. But at t = 0, as is the ase for our ts, they an't be
distinguished. They mix and we are left, when we onsider logarithms, with just linear or
quadrati forms in ln s:
Pab + Lab = sBab ln(s/s1) + sZab
and
Pab + L2ab = sBab ln
2(s/s0) + sZab,
where Zab = Cab + Aab.
In the following we will restrit ourselves to ts where s0 is proess-independent. We
have also onsidered ts with the ratio Zab/Bab kept proess-independent
Pab + Lab = sλab(B ln(s/s1) + A),
with λpp = 1, as well as ts to the form RRE, without any P term.
We t to 3 pairs of reations for partile and antipartile: pp and p¯p, pi±p and K±p,
one reation with partiles Σ−p and two reations oupled only to C=+1 trajetories: γp
and γγ.
The ounting of parameters then goes as follows:
• one interept, and 6 residues (i.e. 7 parameters) for eah C = +1 reggeon;
• one interept and 4 residues (i.e. 5 parameters) for eah C = −1 reggeon.
Conerning the pomeron terms, unless otherwise indiated by the subsript nf , we impose
fatorisation of the γ ross setions: Hγγ = δHγp = δ
2Hpp and/or Pγγ = δPγp = δ
2Ppp with
the same value of δ. This leads to:
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• 1 parameter δ;
• 4 parameters for the onstant term Zab;
• 4 parameters Bab + one interept for E or one sale fator s0 for L2;
When onsidering several singularities for the pomeron term, we usually treat them as
independent. However, when we implement fatorisation, we take the same value of δ for
all singularities. This leads to:
• 9 parameters for PL;
• 10 parameters for PL2 or PE.
Furthermore, we have onsidered several possibilities to onstrain the parameters. The
following notations are attahed as either supersript or subsript to the model variants in
eah ase:
d means degenerate leading reggeon trajetories α1 = α2. This lowers the number of
parameters by 2 units, as one has only one interept, and one oupling for the Σ−p
ross setion;
u means universal for the rising term (independent of projetile hadron). This redues
the number of parameters by 3 units. Assuming again the same fatorisation for all
pomeron singularities, we get 6 parameters for PLu, and 7 for PL2u;
nf means that we have not imposed fatorization for the residues of H
ab(s) in the ase
of the γγ and γp ross setions. This adds one parameter to the t in the ase of a
single pomeron singularity, and two or three for multiple singularities.
q means that approximate quark ounting rules of the additive quark model [19℄ are
imposed on the residues. This means that the u, d and s ouplings an be dedued
from pp, pip and Kp sattering, and used to predit Σp. Hene this lowers the number
of parameters by 1 unit per singularity to whih this rule is applied. It should be
noted that analogous ounting rules also follow from the so-alled gluon dominane
model [20℄ for the dominant asymptoti ontribution to the ross setions. These
ounting rules were onrmed to some extent reently in the global ts of [8℄.
Finally, we have sometimes assumed that the ratio of the residues of dierent singularities
is proess-independent. This is noted by inluding these singularities in braes {}. We have
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also onsidered the possibility that fatorisation works for the lower C = +1 trajetories,
with the same δ as for the pomeron. We indiate this by putting the singularities in
brakets [℄.
All reasonable ombinations of these onstraints give more than 256 dierent variants
of the parametrisations. We shall onsider here only seven representative models that give
a χ2/dof smaller than 1.5 for all onsidered energies. Further results may be found in
Appendies 1 and 2.
Table 1 gives the results for the minimum enter-of-mass energy onsidered in the t√
smin = 3 GeV. Note that beause of the large number of points, slight deviations of the
χ2/dof from 1 result in a very low ondene level. Hene we have shown the area of
appliability of the models as the energy values for whih χ2/dof ≤ 1.0.
√
smin in GeV (number of points)
Model ode (Npar) 3 (725) 4 (580) 5 (506) 6 (433) 7 (368) 8 (330) 9 (284) 10 (229)
RREnf (19) 1.38 1.15 0.91 0.87 0.89 0.90 0.93 0.91
RRE
qc(17) 1.39 1.17 0.93 0.89 0.90 0.91 0.93 0.92
RRLnf (19) 1.31 0.96 0.82 0.80 0.85 0.85 0.86 0.85
RRPL(21) 1.33 0.98 0.85 0.83 0.87 0.88 0.84 0.74
(RR)d Pnf L2(20) 1.24 0.99 0.82 0.79 0.83 0.84 0.83 0.73
RRPnf L2u(21) 1.26 0.97 0.81 0.79 0.82 0.83 0.82 0.75
(RR)d P L2u(17) 1.28 1.0 0.82 0.81 0.83 0.83 0.83 0.76
Table 1: the χ2/dof of best models tting all ross setion data down to 4 GeV.
Numbers in bold represent the area of appliability of eah model. In parenthesis, we
indiate the number of parameters (Npar) for eah model.
As an be seen, the data are ompatible with many possibilities, and one annot deide at
this level what the nature of the pomeron is, and whether any of the regularities onsidered
above is realised. Note that 9 (resp. 23) models shown in Appendix 1 t the data well (i.e.
with a χ2/dof < 1) for
√
smin = 4 GeV (resp. 5 GeV). Hene it seems that sub-leading
trajetories and other non-asymptoti harateristis do not manifest themselves yet. One
an see that the logarithmi inreases in general t better than simple powers, even at large
energy
√
s ∼ 10 GeV, but that the dierene in χ2/dof is not large enough to reah any
rm onlusion. Quark ounting an be implemented for eah possible rising term, but on
the other hand one an hoose a universal (beam-independent) rise as well. It is interesting
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that a reasonable degeneray of the leading reggeon trajetories an be implemented only
in models whih have a ln2 s pomeron. The latter degeneray is in fat expeted to hold
in global ts to the forward sattering data of all hadroni proesses, when one inludes
K+p sattering, whih has an exoti s-hannel in view of duality.
We an hoose two approahes to distinguish further amongst the above models. We
an add more data, whih we shall do in the next setion, but we want rst to examine in
detail the quality of the ts. Indeed, despite the fat that these models do t the data well
globally, several other harateristis may be onsidered, and demanded on the results. We
shall present here a set of indiators whih quantify several aspets of the ts, and whih
will enable us to assess better the quality of the models.
2.1 Indiators measuring the quality of the ts.
The best known suh quantity is ertainly the χ2/dof , or more preisely the ondene
level (CL).
However, beause Regge theory does not apply in the resonane region, no model is
expeted to reprodue the data down to the lowest measured energy. The uto we have
given in Table 1 is ad ho: we know the ts must fail at some point, but we annot predit
where. Hene another indiator will be the range of energy of the data that the model an
reprodue with a χ2/dof ≤ 1.0.
Furthermore, the quality of the data varies depending on whih quantity or whih
proess one onsiders. In priniple, one ould introdue some kind of data seletion, but
that would undoubtedly bias the ts one way or the other. The other option is to assign a
weight to eah proess or quantity, whih takes into aount the quality of the data. Given
that this will be done to ompare models together, we are ertainly entitled to hoose the














Finally, if a t is physial in a given range, then its parameters must be stable if
one onsiders part of the range: dierent determinations based on a sub-sample must be
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ompatible. Hene another indiator will deal with the stability of the t.
We have developed a series of statistial quantities that enable us to measure the above
features of the ts. All these indiators are onstruted so that the higher their value the
better is the quality of the data desription.
(1) The Appliability Indiator: It haraterizes the range of energy whih an be
tted by the model. This range an in priniple be proess-dependent, but we shall
not onsider suh a ase here. The range of appliability is, by denition, the range
of data where t has a ondene level bigger CL > 50%. One of the simplest variant
is as follows:











where j is the multi-index denoting the pair (data subset, observable); Nsets is the
number of suh subsets, EM,highj is the highest value of the energy in the area of
appliability of the model M in the data subset j; EM,lowj is the lowest value of the
energy in the area of appliability of the model M in the data subset j, and wj is
the weight determined from the best t in the same interval (hene wj will depend
itself on EM,highj and E
M,low






















Inspetion of the t results shows that for some modiation of the parametrisations
we obtain rather good ts starting from Emin = 4 or 5 GeV but with negative
ontributions to the total ross setions from terms orresponding to the exhange
of the pomeron-like objets at low energy part of the area of appliability as dened
above. This is unphysial and we are fored to add an additional onstraint to the
area of appliability: We exlude from it the low energy part where at least in one
ollision there is a negative ontribution from the total sum of the pomeron-like
(asymptotially rising) terms. The situation is illustrated in Tables A1.3 and A2.3
of the appendies where exluded intervals are marked by minus as upper ase index
at the χ2/dof value. It is interesting that some models turned out to have an empty




where the CL refers to the whole area of appliability of the model M.
(3) Condene-2 Indiator.
CM2 = CL%
where the CL refers to the intersetion of the areas of appliability of all models
qualied for the omparison (we hoose here
√
s ≥ 5 GeV for the ts without ρ
parameter (see Table A1.3) and
√
s ≥ 9 GeV for the ts with ρ data (see Table
A2.3).
(4) Uniformity Indiator. This indiator measures the variation of the χ2/nop from bin



















where t denotes the total area of appliability, j is a multi-index denoting the pair
(data set, observable). In our ase we use the alulation of the χ2R/nop for eah
ollision separately, i.e. the sum runs as in the ase of the appliability indiator.






The most rigid model has the highest value of the number of data points per ad-
justable parameter. The exat theory T (with no adjustable parameters) has the
rigidity value RT = NMdp (A)  the total number of data points in the area of applia-
bility. This indiator takes into aount the set of known regularities in the data that
were inorporated into the model to redue the number of adjustable parameters and





Npar(Npar − 1) ·
N∑
i>j=1
Θ(90.0− CRij ) (6)
where CRij  is the orrelation matrix element in% alulated in the t at the low edge
of the appliability area. This indiator haraterizes the goodness of the parameter














where: P t - vetor of parameters values obtained from the model t to the whole
area of appliability;
P step - vetor of parameters values obtained from the model t to the redued data
set on the step, in our ase step means shift in the low edge of the t interval to the
right by 1 GeV, if there are no steps then SM1 = 0 by denition;
W t and W step are the error matrix estimates obtained from the ts to the total and
to the redued on the step s data samples from the domain of appliability.
We give the results of these omparisons in Table 2 and Appendix 1, Table A1.2.
The development of these indiators is needed to allow us to verify automatially the
rough features of a large quantity of models (see Appendies 1 and 2). Hene, as a rst
numerial trigger to indiate the best ts, we have adopted a simple ranking sheme,
whih omplements the usual best χ2 riterion. As all the features measured by the
indiators are highly desirable, we adopt for the rank, in a given ensemble of models, a
denition that gives equal weight to all indiators
Imk = (A
m, Cm1 , C
m
2 , U





where the index m desribes the model, index k desribes the indiator type.
Having alulated all omponents of the indiators, it is easy, for a given indiator, to
11























In this approah, the best models are the models with the highest PM value. In the
Tables 2 and 5, and in the appendies, we present the ranking of 33 reently disussed
parametrisations: 28 of them had a suiently high CL for omparison on the σtot-data
and 21 of them had a suiently high CL for omparison on the σtot(s)- and ρ(s)-data.










RR Enf (19) 2.6 91. 81. 51. 25. 0.88 0.18 208
RR E
qc(17) 2.6 86. 79. 88. 28. 0.94 0.15 252
simple+double pole
RRLnf (19) 2.6 76. 95. 36. 29. 0.79 0.16 212
RRPL(21) 2.2 65. 99.7 59. 26. 0.81 0.082 162
simple+triple pole
(RR)d PnfL2(20) 2.5 59. 99.9 38. 28. 0.88 0.098 120
RRPnfL2u(21) 2.5 68. 99.7 34. 26. 0.91 0.008 182
(RR)d PL2u(17) 2.6 99.8 99.7 185. 28. 0.88 0.16 296
Table 2: model quality indiators for the models kept in Table 1. Bold-faed hara-
ters indiate the best model for a given indiator.
On the other hand, it is also possible to use these indiators diretly, as haraterizing
eah model. For instane, if we analyse the rst two lines of Table 2, we diretly see from
olumn 1 that simple-pole models apply in as big an energy band as the other models.
The seond and third olumns tell us however that the best CL are ahieved by triple-pole
models with the double-pole models losely behind. The fourth olumn tells us that while
most models do not reprodue all data equally well (see also Table 4), the most uniform
model is (RR)dPL2u(17). The fth olumn indiates that the models apply in similar
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energy ranges and have similar numbers of parameters. Similarly, we see from the sixth
olumn that the reliability of the error matries is similar. However, the seventh olumn
learly indiates that the parameters of RRPL(21), (RR)d PnfL2(20) and RRPnfL2u(21)
are very sensitive to the minimum energy onsidered, and hene that these models are not
stable w.r.t. that minimum energy.
3 Fits to all lower-energy forward data
Given that the ts to total ross setions are unable to deide on the singularity struture of
the amplitudes, one an turn to other data, namely the real part of the forward amplitude.
It an be obtained through analytiity and s → rossing symmetry from the form of the
ross setion (see Appendix 3). If one keeps the same minimum energy, then a joint t to
both ross setions and real parts reahes a very dierent onlusion. We show in Table 3
the models whih ahieve a χ2/dof less than 1 for
√
s ≥ 5 GeV.
√
smin in GeV and number of data points
Model ode (Npar) 3 (904) 4 (742) 5 (648) 6 (569) 7 (498) 8 (453) 9 (397) 10 (329)
RREnf (19) 1.8 1.4 1.1 1.1 1.1 1.1 1.0 1.0
RRLnf (19) 1.6 1.1 0.97 0.97 1.0 0.96 0.94 0.93
RRPL(21) 1.6 1.1 0.98 0.98 0.99 0.94 0.93 0.91
(RR)d Pnf L2(20) 1.9 1.2 1.0 1.0 0.99 0.94 0.93 0.92
RRPnfL2u(21) 1.8 1.1 0.97 0.97 0.97 0.92 0.93 0.92
(RR)d PL2u(17) 2.0 1.3 1.0 1.0 0.98 0.94 0.93 0.93
Table 3: representative models tting all ross setion and ρ data down to 5 GeV.
Numbers in bold represent the area of appliability of eah model.
The learest outome of this is that all models with a simple pole pomeron are then
eliminated. The best χ2/dof for these is 1.12 for RREnf . Although these values may not
seem too problemati, one has to realise that we are tting to a large number of data points
(648 for
√
s > 5 GeV), hene this model is rejeted at the 98% C.L.
3.1 Evaluation of the dataset
However, one needs to hek where these values of χ2/dof ome from. Hene we an look
in detail at the various proesses and quantities tted to. We show in Table 4 the results
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of 3 representative models. The rst two are kept in Table 3, whereas we ame to the
onlusion that the third is exluded. We see that the main dierene omes from the ρ
parameter data, whih are muh better tted by the rst two models than by the third.
However, it is rather diult to reah a denite onlusion, given the fat that these data
are not perfetly tted by any model: in partiular, the pip and pp data.
Reation Number of RRPnfL2u RRPL RREnf
data points
σpp 112 0.87 0.87 0.89
σpp 59 1.2 1.0 1.1
σpi+p 50 0.78 0.78 1.4
σpi−p 106 0.89 0.90 0.88
σK+p 40 0.71 0.72 1.0
σK−p 63 0.61 0.62 0.72
σΣ−p 9 0.38 0.38 0.39
σγp 38 0.62 0.75 0.59
σγγ 30 0.7 0.95 0.55
ρpp 74 1.8 1.6 1.8
ρpp 11 0.55 0.47 0.60
ρpi+p 8 1.5 1.6 2.7
ρpi−p 30 1.2 1.3 2.1
ρK+p 10 1.0 1.1 0.83
ρK−p 8 0.96 1.2 1.8
Table 4: The values of the χ2 per data point (χ2/nop) for eah proess in three
representative models, for
√
s > 5 GeV.
3.2 Best models for all forward data
We an generalize the previous quality indiators to the full set of forward data. We give
in Table 5 and in Appendix 2 the quality indiators for representative models tting both
total ross setions and ρ parameters. We have introdued a seond stability indiator, S2,
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In this ase, we t the whole set of the model parameters to the full area of appliability
(supersript t) and the same set of parameters but to the data sample without ρ-data
(supersript t(no ρ)). This indiator haraterizes the reproduibility of the parameters
values when tting to the redued data sample and redued number of observables but with
the same number of adjustable parameters. This indiator might be strongly orrelated
with the uniformity indiators. We add Sm2 to the list of indiators entering I
m
k in Eq. (8)
when we determine the best models for the full set of data, and run the sums for all
indiators for 15 sets of data instead of 9, as we now inlude the real parts of pp, p¯p, K±p
and pi±p.
As we an see, the two parametrisations based on double poles and on triple poles
ahieve omparable levels of quality, and one annot deide whih is the best based on
these indiators. In the onlusion, we shall explain whih physis arguments lead us to
prefer the triple pole alternative.











RRPnfL2u(21) 2.2 68. 85. 23. 29. 0.90 0.22 0.10 222
(RR)d PnfL2(20) 2.2 50. 82. 18. 31. 0.90 0.27 0.41 178
(RR)d PL2u(17) 2.0 50. 83. 16. 32. 0.88 0.30 0.67 174
RRLnf (19) 1.8 73. 81. 17. 32. 0.78 0.29 1.3 222
RRPL(21) 1.6 67. 82. 26. 29. 0.75 0.21 1.1 173
Table 5: Quality indiators in ve representative models tting well all forward data.
4 Other models
We have tried to impose the Johnson-Treiman-Freund [21, 22℄ relation for the ross setion
dierenes ∆σ(N) = 5∆σ(pi),∆σ(K) = 2∆σ(pi), and the models orresponding to this are
marked by an index c in Appendies 1 and 2. These rules, while not being totally exluded,
never lead to an improvement of the t, and in some ase degrade the t onsiderably. It
is interesting to note however that they produe the two parametrisations with fewest
parameters aeptable above 8 GeV.
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We also onsidered alternative models whih have been proposed or redisovered re-
ently [23, 24℄, and onfront them with our full dataset. From Table 6, one sees learly that
the parameter values and possibly the model themselves have pratially zero ondene
levels at all starting ollision energies
√
smin from 3 to 10 GeV.
√
smin in GeV
Model ode (Npar) 3 4 5 6 7 8 9
FFP-97[23℄ 101 16.26 3.28 2.3 2.3 2.39 2.34
Lipkin TCP[24℄ 4.63 3.14 2.54 2.61 2.86 3.07 3.48
Table 6: χ2/dof of two exluded parametrisations.
5 Other data
As in the previous studies [8℄ of tting the data sample [12℄, we have also exluded all
osmi data points [25℄, [26℄ in this study of the analyti amplitude models. There are two
reasons for that: the original numerial Akeno (Agasa) data are not available and there
are the ontraditory statements [27, 28, 29, 30, 31℄onerning the ross setion values of
the osmi data points from both Fly's Eye and Akeno(Agasa).
Having seleted the models whih reprodue best the aelerator data, we are now able
to larify how well they meet the three osmi rays data samples. For eah osmi data
samples, i.e. those of the original experiments [25℄, [26℄; those orreted by Nikolaev et al.
[28℄, [29℄; and those orreted by Blok et al. [31℄ (see also [27℄), we alulate the χ2/nop
for eah model with parameters xed at the beginning of their areas of appliability dened
by aelerator data. The results are shown in Table 7.
It turns out that the original osmi experimental data are best tted by our high-rank
parametrisations. The data sample orreted by Blok et al. data is also tted well, as
the data points were lowered within the limits of the unertainties reported in the original
experimental publiations.
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Experiment Nikolaev et al. Blok et al.
Model Code χ2 χ2/nop χ2 χ2/nop χ2 χ2/nop
RRPnfL2u(21) 1.62 0.23 14.31 2.04 3.30 0.47
(RR)dPnfL2u(19) 1.73 0.25 13.96 1.99 3.45 0.49
RRLnf (19) 2.52 0.36 24.25 3.46 2.19 0.31
RRPL(21) 2.93 0.42 25.48 3.64 2.34 0.33
Table 7: the χ2 of the osmi ray data, orreted in several dierent ways [27, 28, 29,
30, 31℄, for eah of the best parametrisations tting the aelerator data.
6 Analysis and onlusion
The above analysis shows that there are several senarios whih an aount for the ob-
served forward hadroni sattering amplitudes. These senarios all have their merits, and
some of them have problems. Although only preliminary onlusions an be drawn based
on these data, we an outline these various possibilities, and present their onsequenes.
6.1 Possible parametrisations
The three possible senarios onsist of simple, double or triple poles in the omplex J plane
aounting for the rising part of the ross setion. We give in Table 8 the parameters of
eah model. All have the same parametrisation for the exhange of the leading meson
trajetories, but the values of the various interepts and residues are very dierent. The
C = −1 part of the amplitude is rather stable, but the C = +1 part turns out to be very
model-dependent as it mixes with the pomeron ontribution, with in some ases muh
larger values of the interept α1 than those normally expeted from duality-breaking in
strong interation physis. Beause of this, the lower energy data annot x the nature
of the pomeron as the details of the a/f ontribution are not known. The data for Σp
sattering sometimes lead to a negative a/f ontribution, whih is inompatible with Regge
theory, and to an extrapolation at high energy that overshoots the pp and pp ross setions.
However, the size of the error bars learly shows that aeptable values are allowed and
that these data do not introdue muh of a onstraint on the t.
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6.1.1 Simple poles
The rst senario is the simplest oneptually: the pomeron would orrespond to some
glueball trajetory, and have properties similar to those of the mesons. This model has the
advantage that it must then fatorize, and hene it an be generalized easily and suessfully
to many other proesses. The residues of the pomeron an also be made totally ompatible
with quark ounting.
It provides good ts to all data for
√
s ≥ 9 GeV, aeptable ts for the total ross
setions for
√
s ≥ 5 GeV, but fails to reprodue both the total ross setion and the
ρ parameter for
√
s ≥ 5 GeV. One an of ourse take the attitude that the data have
problems, and not inlude them, or that there are sub-dominant eets at these energies,
and that it is natural for the model not to be extended so low. On the other side of
the energy spetrum, one expets to have unitarity orretions at very large energies. In
pratie, however, this model diers by a few perents from the RRPL2u parametrisation,
mentioned below, up to LHC energies, and hene unitarizing orretions do not need to be
introdued yet.
This model shows a non-degeneray of the dominant meson trajetories, with some-
what larger a/f interept α1 and somewhat smaller ρ/ω interept α2, whih may well be
ompatible with the known trajetories.
Furthermore, it is well known that one needs to introdue a new simple pole to aount
for DIS data in suh a senario. Suh a new rising term seems to be totally absent from the
soft data, whih seems rather odd, but annot be ruled out. We give in Table 8, olumn
3, the best parameters for this model in the t to total ross setions.
6.1.2 Double poles
One an also assume that the amplitude ontains a double pole at J = 1. This then provides
for a rising ln s term in the total ross setion, as well as a onstant term. This kind of
parametrisation (shown in Table 8, olumn 2) gives exellent ts to the soft data, and an
be extended to deep-inelasti sattering [18℄ without any further singularity. Furthermore,
it never violates unitarity, and hene it an be extended to arbitrarily large energies.
However, it suers from several drawbaks. First of all, the pomeron term beomes
negative below 9.5 GeV, and hene proesses whih ouple only to the pomeron by Zweig's
rule would have negative ross setions if one uses fatorization. However, the latter is
proven only for simple poles, and hene this problem is not a suient reason to rejet
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these parametrisations. Similarly, the split of the leading meson trajetories is quite big,
somewhat bigger than what a normal duality-breaking estimate or a linear extrapolation
of the known resonanes would allow [32℄. As a result, the pomeron in this lass of variants
is inevitably ompromising with the rossing even reggeon in the Regge region in the sense
that it must eetively ounter-balane the exessive ontribution of the reggeon. Thus the
pomeron term in this ase may be representing more than the asymptoti behaviour of the
amplitude. One may therefore say that a pomeron assoiated with reasonably degenerate
reggeons may be more natural from the point of view of duality. But again, one annot
prove linearity of the trajetories, hene the model may survive. Finally, it seems that
quark ounting is respeted to a very good approximation by the oeients of the log and
of the onstant term. This only reinfores the problem of negativity as it is very diult
to oneive a non fatorizing pole whih would nevertheless respet quark ounting.
6.1.3 Triple poles
Finally, the best ts are given by models that ontain a triple pole at J = 1, whih then
produe ln2 s, ln s and onstant terms in the total ross setion. The best parameter values
for this model are given in Table 8, olumn 1. The most interesting properties may be that
the onstant term respet quark ounting to a good approximation, whereas the ln
2s term
an be taken as universal, i.e. independent of the proess, as advoated in [16, 17℄ and
redisovered in [15℄ (see also [33℄). The universality of the rising term is expeted in the ase
of the eikonal unitarisation of a bare pomeron with the interept larger than 1, beause the
oeient of the rising term turns out to depend only on the interept and slope of the bare
pomeron [34℄. But for the J-plane singularities of double and triple pole types onsidered
in this paper, the struture of suh a singularity [35℄ and the origin of its universality is
less obvious. Nevertheless, suh a singularity at J = 1 may in fat have a theoretial
explanation: reently, Bartels, Lipatov and Vaa [36℄ disovered that there are, in fat,
two types of Pomeron in LLA : besides the well-known BFKL pomeron assoiated with
2-gluon exhanges, and with an interept bigger than 1, there is a seond one assoiated
with C = +1 three-gluon exhanges and having an interept preisely loated at 1. It is
tempting to speulate that, after unitarisation is performed in the gluon setor, the BFKL
pomeron would nally lead to a universal Heisenberg-type pomeron, exlusively onneted
with the gluon setor.
Furthermore, the degeneray of the lower trajetories is respeted to a very good ap-
proximation, and the model seems extendible to deep inelasti sattering [37℄. This model
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also respet unitarity by onstrution.
One must note that in some proesses, the falling ln2(s/s0) term from the triple pole
at s < s0 is important in restoring the degeneray of the lower trajetories at low energy.
Hene the squared logarithm manifests itself not only at very high energies, but also at
energies below its zero.
Hene we feel that this solution is the one that urrently meets all phenomenologial
and theoretial requirements.
Model RRPnfL2u RRLnf RREnf
χ2/dof 0.97 0.97 1.12
CL[%℄ 67.98 73.37 2.08
Parameter Mean Unertainty Param. Mean Unert. Param. Mean Unert.
s0 34.0 5.4 A -30.3 3.6 α℘ 1.0959 0.0021
α1 0.533 0.015 α1 0.7912 0.0080 α1 0.6354 0.0095
α2 0.4602 0.0064 α2 0.4555 0.0063 α2 0.4420 0.0099
Zpp 35.83 0.40 B 6.71 0.22 Xpp 18.45 0.41
Zpip 21.23 0.33 λpip 0.6833 0.0045 X
pip
11.74 0.24
ZKp 18.23 0.30 λKp 0.6429 0.0073 X
Kp
10.45 0.19
ZΣp 35.6 1.4 λΣp 1.059 0.056 X
Σp
18.44 1.1
Zγp 29.4 3.0 λγp 0.00356 0.000048 X
γp
0.0592 0.0012
Zγγ 20.4 5.0 λγγ 9.37 10
−6
5.2 10
−7 Xγγ 0.0001619 9.7 10−6
Y pp
1
42.1 1.3 Y pp
1





32.19 0.94 Y pp
2





17.8 1.1 Y pip
1





5.72 0.16 Y pip
2





5.72 1.40 Y Kp
1





13.13 0.38 Y Kp
2





-250. 130. Y Σp
1





-320. 150. Y Σp
2





0.0339 0.0079 Y γp
1





0.00028 0.00015 Y γγ
1





Table 8: parameters of three representative models, dened as in Eq. (1), for
√
s > 5 GeV.
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6.2 Future prospets
One problem remaining in the analysis of the forward data is the diulty in adequately
tting the data for the ρ parameter in pp and in pi+p reations. The extration of the ρ
data from the measurements of the dierential ross setions data at small t is a deliate
problem. A re-analysis of these data may be needed, but it will all for simultaneous
ts to the total ross setion data and to the elasti dierential ross setions in the
Coulomb-nulear interferene region and in the dirative ones, hene an extension of the
parametrisation onsidered here to the non-forward region. One ould also onsider a lass
of analyti models not inorporated in our ts and ranking proedures, lass in whih the
rising terms would turn on at some dynamial threshold st (demanding the use of exat
dispersion relations), or add lower trajetories to the existing models. Both approahes
would lead to many extra parameters, and will be the subjet of a future study.
On the other hand, the inlusion of other data may very well allow one to deide nally
amongst the various possibilities. One an go to deep-inelasti data, but the problem here
is that the photon oupies a speial position in Regge theory, and hene the singularities
of DIS amplitudes do not need to be the same as those of hadroni amplitudes. One an
also extend the models to non-forward data and o-diagonal amplitude suh as those of
dirative sattering. Suh steps will involve new parameters assoiated mainly with form
fators, but there are many data, hene there is the hope that this kind of systemati
study may be generalized, and that in the future we may deide on the nature of Regge
singularities.
Finally, it is our intention to develop the ranking sheme further, probably along the
lines of [38℄, and to ne-tune the denition of indiators, in order that a periodi ross
assessments of data and models be available to the ommunity [39℄.
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Appendix 1. Fits to total ross setions only
In this appendix, we present the results for ts to total ross setions for 33 models, whih
are variations on the parametrisations referred to in the main text, following the onvention
explained after Eq. 1. Table A1.1 gives our results for the ranking of the models, aording
to Eq. 10. Table A1.2 gives the values of the quality indiators assoiated with eah model.
Table A1.3 shows the values of the χ2/dof as a funtion of energy. The value with a −
exponent indiates that the model has a negative pomeron ontribution in the low-energy
region of the t. The models marked with * indiates that the extrapolation of the Σp
ross setions overshoot the pp or go below pi + p, or that C = +1 residues are negative.
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RRL2qc(17) 54 50 18 56 30 50 40 298
(RR)d PL2u(17) 46 58 46 58 30 24 34 296
(RRc)
d
PL2u(15) 30 42 54 54 46 22 46 294
[RqcL2qc]Rc(12) 14 44 14 50 52 46 58 278
RRL2(18) 52 54 16 44 18 38 44 266





L2u(14) 18 26 30 40 55 34 52 255
RRE
qc(17) 50 36 8 48 30 50 30 252
RRc L
qc(15) 24 32 34 32 46 5 54 227
RRc E
qc(15) 22 38 10 52 20 57 22 221
RRcPL(19) 4 56 56 42 4 0 56 218
[Rqc Lqc] R(14) 12 48 24 36 55 10 28 213
RRLnf (19)
∗
57 28 36 10 35 14 32 212
RRL
qc(17) 57 8 32 26 50 16 20 209
RREnf (19) 48 40 12 30 10 30 38 208
RRc L2
qc(15) 32 0 20 4 46 57 48 207
RRL2nf (19) 44 34 6 20 10 54 26 194
(RR)dPnfL2(20)
∗
42 4 58 16 24 32 18 194
RRPEu(19) 26 46 44 28 10 27 12 193
RRPL2u(19)
∗
36 14 42 14 35 41 8 190
(RR)d PnfL2u(19) 40 2 48 22 24 27 24 187
RRPnfL2u(21) 38 24 51 6 15 44 4 182
[Rqc Lqc] Rc(12) 16 16 26 8 58 5 50 179
(RR)d {PL2}nf (18) 20 18 4 38 6 50 36 172
RRPL(21)∗ 8 20 51 34 15 18 16 162
RRL(18) 34 10 28 18 41 8 14 153
(RR)d PL(19) 0 12 0 0 0 41 1 54
(RR)d PnfLu(18) 2 22 2 2 2 20 1 51
Table A1.1: ranking of the 28 models having nonzero area of appliability














2.60148 75.54 94.64 35.50 29.05 0.789 0.156
RRL
qc(17) 2.60148 59.26 94.09 49.68 32.28 0.794 0.099
RRL2qc(17) 2.58120 97.36 87.91 131.7 28.17 0.941 0.184
RRL2(18) 2.58067 97.52 87.00 85.08 26.68 0.902 0.198
RR E
qc(17) 2.56576 86.15 79.29 88.38 28.17 0.941 0.146
RR Enf (19) 2.56568 91.45 80.78 51.16 25.35 0.883 0.177
(RR)d PL2u(17) 2.55303 99.78 99.67 184.6 28.17 0.875 0.161
RRL2nf (19) 2.54792 81.62 77.64 41.85 25.35 0.942 0.143
(RR)d PnfL2(20)
∗
2.53820 58.94 99.88 37.60 27.67 0.884 0.098
(RR)d PnfL2u(19) 2.53154 54.71 99.72 44.31 27.67 0.877 0.114
RRPnfL2u(21) 2.52375 67.76 99.73 34.40 26.41 0.910 0.008
RRPL2u(19)
∗
2.52351 62.59 99.65 37.14 29.05 0.906 0.018
RRL(18) 2.52103 59.95 93.52 39.85 30.58 0.693 0.068
RRc L2
qc(15) 2.50642 54.11 88.31 26.54 31.69 0.952 0.259
(RRc)
d
P L2u(15) 2.47739 94.20 99.75 97.71 31.69 0.838 0.220
(RR)d Pqc L2u(16) 2.46789 97.49 92.53 87.39 29.82 0.900 0.197
RRPEu(19) 2.44915 95.83 99.66 49.82 25.35 0.877 0.057
RRc L
qc(15) 2.42625 78.91 94.41 51.99 31.69 0.667 0.331
RRc E
qc(15) 2.39977 89.51 79.88 95.81 27.13 0.952 0.104





L2u(14) 2.38295 75.32 93.62 74.78 33.80 0.890 0.310
[Rqc Lqc] Rc 2.37016 63.32 92.89 34.57 39.00 0.667 0.289
[Rqc L2qc] Rc(12) 2.36985 94.28 83.36 91.56 33.38 0.924 0.491
[Rqc Lqc] R(14) 2.36207 96.86 92.55 59.94 33.80 0.736 0.145
RRPL(21)∗ 2.18238 64.98 99.73 58.88 26.41 0.810 0.082
RRcPL(19) 1.93416 99.20 99.84 78.20 21.70 0.561 0.372
(RR)d PnfLu(18) 1.62709 65.46 65.46 14.98 12.11 0.810 0.000
(RR)d PL(19) 1.40760 62.17 62.17 14.83 11.50 0.906 0.000
Table A1.2: quality indiators of the the 28 models having nonzero area of
appliability amongst the 33 models onsidered in this paper, following Eqs.





ModelCode(Npar) 3 4 5 6 7 8 9 10
RREnf (19) 1.38 1.15 0.91 0.87 0.89 0.90 0.93 0.91
RRE
qc(17) 1.39 1.17 0.93 0.89 0.90 0.91 0.93 0.92
RRc E
qc(15) 2.37 1.47 1.05 0.91 0.90 0.91 0.93 0.91
RRLnf (19)
∗
1.31 0.96− 0.82 0.80 0.85 0.85 0.86 0.85
RRL(18) 1.33 0.98 0.85 0.83 0.87 0.87 0.87 0.86
RRL
qc(17) 1.33 0.99− 0.85 0.83 0.87 0.87 0.87 0.85
RRc L
qc(15) 2.20 1.22 0.95− 0.84 0.86 0.86 0.87 0.85
[Rqc Lqc] R(14) 1.44 1.03 0.88− 0.85 0.89 0.87 0.88 0.87
[Rqc Lqc] Rc(12) 2.20 1.22 0.95
−
0.84 0.86 0.86 0.87 0.85
RRL2nf (19) 1.45 1.19 0.94 0.90 0.91 0.91 0.94 0.92
RRL2(18) 1.33 1.05 0.88 0.85 0.91 0.89 0.90 0.89
RRL2qc(17) 1.33 1.06 0.88 0.85 0.88 0.88 0.90 0.89
RRc L2
qc(15) 2.28 1.33 0.99 0.87 0.87 0.88 0.90 0.89
[Rqc L2qc] Rc(12) 2.39 1.38 1.03 0.89 0.90 0.89 0.91 0.91
(RR)d Lqc(15) 2.63 2.02 1.37 1.27 1.22 1.21 1.25 1.08
(RR)d PL(19) 2.34 1.84 1.34 1.24 1.21 1.21 1.22 0.97
(RR)d Pqc Eu(16) 1.44 1.16 1.02 1.01 1.06 1.06 1.05 1.04
(RR)d{PL2}nf (18) 1.91 1.56 1.06 0.97 0.95 0.95 0.99 0.94
RRPL(21)∗ 1.33 0.98− 0.85− 0.83− 0.87 0.88 0.84 0.74
RRcPL(19) 1.33 0.98
−
0.85− 0.83− 0.87− 0.87− 0.84 0.74
RRPLu,nf(20)
−
2.24 1.42 1.14 1.03 0.97− 0.91− 0.84− 0.74−
RRPLu(18)
−
2.24 1.43 1.16 1.05 0.99− 0.93− 0.85− 0.76−
(RR)d PnfLu(18) 2.66 2.10 1.73 1.58 1.43 1.37 1.25 0.96
(RR)d Pqc Lu(15) 2.74 2.27 2.06 2.06 2.12 2.15 2.19 2.38
(RR)d Pnf L2(20)
∗
1.24 0.99 0.82 0.79 0.83 0.84 0.83 0.73
RRPL2u(21) 1.26 0.97 0.81 0.79 0.82 0.83 0.82 0.75
RRPL2u(19)
∗
1.27 0.98 0.82 0.80 0.84 0.84 0.83 0.76
(RR)d Pnf L2u(19) 1.27 0.99 0.82 0.80 0.83 0.83 0.82 0.75
(RR)d P L2u(17) 1.28 1.00 0.82 0.81 0.83 0.83 0.83 0.76
(RR)d Pqc L2u(16) 1.30 1.04 0.88 0.87 0.91 0.91 0.90 0.86
(RRc)
d





L2u(14) 2.11 1.22 0.96 0.88 0.90 0.90 0.89 0.86
RRPEu(19) 1.36 1.04 0.89 0.86 0.87 0.86 0.83 0.76
Table A1.3: χ2/dof as a funtion of the minimum energy of the t for the 33
models onsidered in this paper when only total ross setions are tted to.
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Appendix 2. Fits to total ross setions and to the ρ parameter.
In this appendix, we present the results for ts to total ross setions and the ρ parameter
for 33 models, whih are variations on the parametrisations referred to in the main text,
following the onvention explained after Eq. 1. Only 21 of these passed through qualia-
tion tests in this ase. The tables are presented as in Appendix 1. It should be noted that
for model RRPL2u(19) with highest rank, orresponding to model RRPnfL2u(21) with the
extra imposition of fatorization on the Pab residues, tends to hoose a negative value for
the reggeon C = +1 residue in γγ ross setions. Although this does not exlude it as the
residue has large errors, we have preferred to present in this paper the details of the next
best ranking parametrisation.
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42 26 42 42 34 28 12 4 230
RRPnfL2u(21) 44 36 44 40 15 31 10 2 222
RRLnf (19)∗ 30 42 26 24 34 18 18 30 222
(RRc)
d
PL2u(15) 34 20 36 20 28 24 28 14 204
(RR)d PnfL2u(19) 40 8 40 22 34 22 16 12 194





L2u(14) 20 16 10 36 19 36 22 22 181
(RR)dPqcL2u(16) 18 14 8 38 8 38 30 26 180
RRc L2
qc(15) 6 30 6 4 6 44 44 40 180
(RR)d PnfL2(20)∗ 38 2 28 32 25 31 14 8 178
(RR)d PL2u(17) 36 0 34 18 30 26 20 10 174
RRPL(21)∗ 2 34 32 44 15 16 6 24 173
RRc L
qc(15) 24 38 24 8 10 4 32 32 172
RRL2qc(17) 10 28 4 2 2 42 40 42 170
[Rqc L2qc]Rc(12) 12 18 0 6 22 40 38 34 170
RRL
qc(17) 28 6 20 30 44 12 4 18 162
RRPEu(19) 22 44 12 16 4 20 34 6 158
[RqcLqc]R(14) 16 24 14 12 19 14 36 20 155
RRL2(18) 8 22 2 0 0 34 42 44 152
RRcPL(19) 4 12 38 14 12 0 26 36 142
RRL(18) 26 10 16 26 39 8 8 0 133
Table A2.1: ranking of the the 21 models having nonzero area of appliability
amongst the 33 models onsidered in this paper, following Eq. (10) when ross
setions and ρ parameters are tted to.
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Quality indiators










RRPnfL2u(21) 2.20661 67.98 84.74 22.88 29.45 0.900 0.224 0.101
RRPL2u(19)
∗
2.20619 63.46 84.13 24.14 32.40 0.895 0.226 0.190
(RR)d PnfL2u(19) 2.18781 53.15 83.81 16.49 32.40 0.871 0.286 0.690
(RR)d PnfL2(20)
∗
2.18530 50.41 81.74 18.21 30.86 0.900 0.265 0.407
(RR)d PL2u(17) 1.99653 50.35 83.04 15.64 31.61 0.882 0.296 0.673
(RRc)
d
PL2u(15) 1.88491 61.92 83.38 16.26 31.13 0.876 0.467 0.795
RRLnf (19)
∗
1.82464 73.37 81.09 16.63 32.40 0.784 0.289 1.302
RRL
qc(17) 1.82281 52.97 78.17 17.56 36.00 0.743 0.198 1.080
RRL(18) 1.82274 53.59 77.18 16.73 34.11 0.686 0.217 0.001
RRc L
qc(15) 1.82270 68.31 79.68 12.48 28.31 0.667 0.525 1.311





L2u(14) 1.79558 60.29 67.08 19.94 30.20 0.912 0.429 1.100
(RR)dPqcL2u(16) 1.79315 58.40 66.41 19.98 26.65 0.917 0.470 1.241
[RqcLqc]R(14) 1.73409 63.29 76.41 13.09 30.20 0.747 0.533 1.082
[Rqc Lqc]Rc(12) 1.73264 65.79 78.13 13.03 34.85 0.682 0.440 1.935
[Rqc L2qc] Rc(12) 1.72644 61.50 61.50 11.58 30.54 0.939 1.159 1.692
RRL2qc(17) 1.72618 64.20 64.20 11.23 22.06 0.941 1.318 2.503
RRL2(18) 1.72607 63.04 63.04 11.19 20.89 0.902 1.395 2.657
RRc L2
qc(15) 1.72369 65.63 65.63 11.27 24.81 0.952 1.447 2.104
RRcPL(19) 1.99062 55.13 83.67 15.38 28.45 0.61 0.466 1.824
RRPL(21)∗ 1.60724 66.59 82.16 26.29 29.45 0.752 0.210 1.135
Table A2.2: quality indiators of the 21 models having nonzero area of appli-
ability amongst the 33 models onsidered in this paper, following Eqs. (2-7)





Model Code(Npar) 3 4 5 6 7 8 9 10
RREnf (19) 1.83 1.38 1.12 1.10 1.10 1.05 1.02 1.02
RRE
qc(17) 1.84 1.39 1.13 1.12 1.11 1.06 1.02 1.02
RRc E
qc(15) 2.47 1.58 1.23 1.13 1.10 1.05 1.02 1.02
RRLnf (19)
∗
1.61 1.10 0.97− 0.97− 1.00 0.96 0.94 0.93
RRL(18) 1.63 1.13 0.99− 0.99− 1.02 0.97 0.95 0.94
RRL
qc(17) 1.63 1.13 1.00− 0.99− 1.02 0.97 0.94 0.94
RRc L
qc(15) 2.20 1.30 1.08 1.01 1.02 0.97 0.94 0.94
[Rqc Lqc] R(14) 1.70 1.16 1.02 1.01 1.03 0.98− 0.95 0.94
[Rqc Lqc] Rc(12) 2.20 1.30 1.08 1.01 1.02 0.97
−
0.94 0.94
RRL2nf (19) 1.83 1.34 1.11 1.10 1.11 1.06 1.01 1.00
RRL2(18) 1.68 1.22 1.04 1.04 1.06 1.01 0.97 0.97
RRL2qc(17) 1.68 1.22 1.04 1.04 1.05 1.01 0.97 0.97
RRc L2
qc(15) 2.30 1.41 1.13 1.06 1.05 1.00 0.97 0.97
[Rqc L2qc] Rc(12) 2.38 1.44 1.16 1.07 1.07 1.01 0.98 0.98
(RR)d Lqc(15) 3.76 2.61 1.87 1.82 1.73 1.70 1.72 1.72
(RR)d PL(19) 3.45 2.37 1.81 1.76 1.71 1.69 1.73 1.72
(RR)d Pqc Eu(16) 2.35 1.53 1.24 1.23 1.21 1.17 1.17 1.17
(RR)d{PL2}nf (18) 2.81 1.98 1.40 1.34 1.27 1.20 1.13 1.12
RRPL(21)∗ 1.63 1.11 0.98− 0.98− 0.99− 0.94− 0.93− 0.91
RRcPL(19) 1.63 1.11 0.98
−
0.98− 0.99− 0.94− 0.93− 0.91
RRPLu,nf (20)
−
2.43 1.49 1.25 1.16 1.08 1.00− 0.97− 0.92−
RRPLu(18)
−
2.43 1.50 1.27 1.17 1.10 1.01 0.98− 0.93−
(RR)d PnfLu(18) 3.59 2.50 2.10 1.95 1.91 1.88 1.89 1.87
(RR)d Pqc Lu(15) 3.67 2.64 2.32 2.27 2.32 2.32 2.39 2.51
(RR)d Pnf L2(20)
∗
1.92 1.23 1.00 1.00 0.99 0.94 0.93 0.92
RRPnfL2u(21) 1.75 1.14 0.97 0.97 0.97 0.92 0.93 0.92
RRPL2u(19)
∗
1.75 1.15 0.98 0.98 0.97 0.93 0.93 0.92
(RR)d Pnf L2u(19) 1.96 1.26 0.99 0.99 0.98 0.93 0.93 0.93
(RR)d PL2u(17) 1.96 1.27 1.00 1.00 0.98 0.94 0.93 0.93
(RR)d Pqc L2u(16) 1.98 1.29 1.04 1.04 1.03 0.98 0.97 0.97
(RRc)
d





L2u(14) 2.40 1.39 1.10 1.05 1.03 0.98 0.97 0.97
RRPEu(19) 1.88 1.22 1.06 1.03 1.01 0.96 0.95 0.93
Table A2.3: χ2/dof as a funtion of the minimum energy of the t for the 33




We give here the formulae used in this paper. The imaginary part of the amplitude, whih
we take as s time the total ross setion, is parametrized as the sum of several terms, In,





I−pole = ∓C−(s/s1)α− (13)
IL = CL s ln(s/s1) (14)
IL2 = CL2 s ln
2(s/s0) (15)
All terms have harge onjugation C = +1, exept I−pole whih has C = −1. We an obtain
the orresponding additive real parts through s to u rossing symmetry and analytiity:




















RL2 = pi s ln (s/s0) CL2 (19)
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